A class of algebras is constructed using free fermions and the invariant antisymmetric tensors associated with irreducible holonomy groups.
current algebras constructed by taking higher order polynomials of this currents.
Indeed it was observed [1] that one could generate the N = 1 superconformal algebra by constructing the supercharge from the three fermion current contracted with the structure constant of a Lie algebra.
In this note we will show that certain subalgebras of this larger algebra may be extracted using antisymmetric tensors of V that are invariant under of a subgroup G of O(n) acting on V with some representation R. Invariant forms can exist in every irreducible representation of a compact Lie group. To be more precise, we shall use the invariant forms which occur in the fundamental representation of irreducible holonomy groups of non-symmetric Riemannian manifolds. We will also use the invariant forms of the adjoint representation of these groups. Typically we find algebras with additional spin 3/2 and spin 2 generators. For SO(n) and SU(n/2) higher spin currents arise for large enough n. In these cases, one does not generate a closed algebra using only the invariant tensors (and T ) although it might be possible to achieve closure by including a finite number of additional currents.
We recall that the possible irreducible holonomy groups of n-dimensional nonsymmetric Riemannian manifolds are given by Berger's list [2] : SO(n), U(n/2), SU(n/2), Sp(n/4), Sp(n/4) · Sp(1) and two exceptional cases, G 2 (n = 7) and Spin(7) (n=8). The corresponding invariant forms are: the ǫ-tensor (SO(n)); the Kahler 2-form (U(n/2)), the holomorphic ǫ-tensor (SU(n/2)), the three Kahler 2-forms (Sp(n/4)), and for Sp(n/4) · Sp(1), a four-form which is locally the sum of the wedge product of each of the three local Kahler forms with itself. In G 2 , there is a 3-form and its 4-form dual, and in Spin(7) a self-dual 4-form. It has been noted [3] that (two-dimensional) supersymmetric sigma models with these manifolds as target spaces have additional symmetries associated with these form; and that the corresponding currents belong, at least classically, to extended superconformal algebras which close in a non-linear fashion, i.e. they are of the W-symmetry type.
The SU(3), G 2 and Spin(7) cases are relevant in string theory compactifications to 4, 3 and 2 dimensions respectively (see for example [5] ).
Let us now turn to a free fermion theory with n fermions {λ a }. In the general case, we can introduce the currents
The OPE of two such currents (with q ≤ p) is
The antisymmetry symbols in the above equation are with weight one. Clearly, this O.P.E algebra closes in the sense that all the terms on the right-hand-side can be arranged into products of J's and their derivatives.
To extract the sub-algebras of interest we shall contract some of the above J's with the invariant tensors of the holonomy groups G which we have listed above.
be a (constant) k-form of the vector space V and {e a }, a = 1, . . . , dimV a basis of V . The currents that we will study are
All these currents are primary with conformal spin 
G = SO(4)
We define
we then find
The O.P.E of T with X closes as in equation (4) . Thus, we have an algebra with two spin 2 currents. It might be thought that this algebra should factorise, but it does not as one may verify by considering all possible linear combinations of X and T .
If one goes to higher n, one finds that the OPE algebra does not close on T and the spin n/2 current
Indeed, if one considers the OPE of X with itself, the two most singular terms, are (−1)
Up to a sign we can identify the coefficient of the latter term as 2T 2 . However, were the algebra to close on X and T alone then the coefficient of the above T 2 term is fixed [4] , by conformal invariance, to be 2. 5s+1 22+5c in magnitude, where, for us, c = s = n 2 . Clearly, the above O.P.E. can not close on X and T alone. Explicit calculation of the full O.P.E. for SO(5) bears out this conclusion. This does not mean that the O.P.E. does not close if one includes more currents or a different choice for energy-momentum tensor.
G = SU(3)
In SU(3) we have n = 6 λ's and replace them by 3 complex ones, i.e. λ a → {λ α ,λ α }, α = 1, 2, 3. There is complex spin 3/2 current
and its conjugateḠ
One finds
where
While J is a U(1) current, one can show by re-normal ordering the λ 4 term that
and so is the Sugawara energy-momentum tensor associated with the the U(1) current. Evaluating the other O.P.E's and, making a suitable rescaling, one finds that T ′ , G,Ḡ and J define an N = 2 superconformal algebra with central charge c = 1. The field T − T ′ 3 commutes with this algebra. This algebra occurs as a subalgebra of the extended N = 2 superconformal algebra which arises in the context of Calabi-Yau compactifications [6] .
For the SU(n) case, we have the spin
and its complex conjugateX
The OPE of X with its complex conjugate does not close on T for the reasons given earlier, however one may hope that it will close using Sugawara-like currents. This possibility remains under study.
This is the holonomy group of quaternionic Kahler manifolds in which case there are three (locally defined) complex structures I r that obey the algebra of imaginary unit quaternions (I r I s = −δ rs + t ǫ rst I t ) and three associated Kahler forms ω r . From these one can define an Sp(k) · Sp(1) invariant 4-form
The associated spin 2 current current is
One finds that the OPE algebra is 
where n = 4k.
